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ARTICLEINFO ABSTRACT

Keywords: The current paper is devoted to exploring and investigation of homogeneous steady
Nanofluids state nanofluid surrounding cylindrical solid pipes in two dimensions. The
Nanoparticles modelling system was transformed to a system of ordinary differential equations

Boundary layer
Flow characteristics
Group method
Similarity solution

via the group method of similarity transformations. These equations were
numerically solved employing fourth order Runge-Kutta algorithm supported by
the shooting technique. In the numerical results, the velocity components, shear
stress, pressure, temperature and heat flux inside the boundary layer are obtained
for various values of nanoparticle volumetric fraction ¢ and different types of
nanofluids (silver-water, copper-water, titanium-water and alumina-water). The
results shows that the velocity components, temperature and pressure distribution in
the boundary layer decrease as increases of nanoparticle volume fraction. To check
the behavior and performance of the flow and heat transfer, a comparison of
different types of nanofluids is illustrated. It is found that the silver nanoparticles
achieve the highest value of temperature due to high thermal conductivity and also
they achieve the highest value of pressure due to high density compared to the other
nanoparticles. Moreover, the radial velocity and the axial velocity are the highest
for titanium oxide-water nanofluid compared to the alumina-water, copper-water
and silver water.

1. Introduction

Nanofluid is a recent development in applications of electrical, thermal conductivities and magnetic

nanotechnology which incorporate small amount of
nanosized metallic or non-metallic particles (of range
less than 100 nm). These particles are suspended
uniformly and stably in a base liquid. The base liquid
types are water, oils and ethylene glycol (EG)
mixture. The solid nanoparticles distributed in
traditional fluids greatly affects their thermal
conductivity. The solid particles in nanofluid
enhance its characteristics such as a
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properties. Nanofluids can be employed in numerous
industrial applications such as transformer cooling,
electrical cooling, chemical production, advanced
nuclear systems, cooling and heating in building,
engine cooling and solar water heating. Many
researchers were motivated to investigate the behavior
of mass and heat characteristics in nanofluids
subjected to different flow conditions in various
geometries [1, 2] . Two models were used to
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investigate nanofluid behavior, the homogeneous and
the non-homogeneous models.

The non-homogeneous model considers the slip
motion and related forces, whereas in the
homogeneous model, this effect is negligible [3]. In
homogeneous model, due to the small size of
nanoparticles, the fluid and particles velocity is the
same. The properties of the nanofluid were calculated
for certain values of Peclet number [4-6]. For a
homogeneous analysis, the governing equations are
continuity, momentum and energy equations with
their physical properties which are related to the
volumetric ~ fraction of nanoparticles. Many
researchers studied convective transport models of
nanofluid in a non-homogeneous model [3, 7, 8].
Buongiorno carried out an comprehensive study of
convective transport in nanofluids [9].

In engineering studies, the fluid flow and the
corresponding heat mass transfer around cylinders
are important since the moving fluid affects the
thermal resistance and the cooling of the product. The
flow over cylinders is assumed to be two-dimensional
when the body radius is large with respect to the
boundary layer thickness. In addition, if the cylinder
radius is of the same order as the thickness of the
boundary layer, the flow is considered axisymmetric
[10, 11]. The convective heat transfer for various
geometries in nanofluids with different flow
conditions has been studied by the Khanafer et al. [1]
and Khan and Aziz [12]. Brady and Acrivos [13]
studied the steady flow in an incompressible and
viscous ambient fluid inside a stretching tube, while
Wang [14] examined the same flow outside of a
stretching cylinder. Rahman [15] showed that
nanofluid flow velocity is lower than base fluid
velocity. Also, he found that the presence of
nanoparticles improves the rate of heat transfer and
decreases the thickness of the hydrodynamic
boundary layer. Ferdows [16] concluded that the
thermal boundary layer decreases with an increase in
the volume fraction of the nanoparticles and increases
with an increase in the viscosity. Maskeen [17]
indicated that through increasing the impact of
magnetic parameter M, the hybrid nanofluids velocity
profile decreases but the temperature profile
increased. Elgazery [18] found that by using different
types of nanofluids, the velocity and temperature
profiles were affected, which means that nanofluids
are significant in the heating and cooling processes.
Also, he found that adding silver oxide achieves the
maximum value of the temperature of the nanofluid.

In this study, using group transformation
method and  similarity  transformation, the
mathematical model was transformed into a system
of ordinary differential equations (ODEs). The
system equations of (ODEs) are solved numerically
by using shooting technique. Different techniques of
similarity transformation were used to investigate
either  evolutionary equations with  different
dimensions or fluid dynamics described by Navier-
Stokes equations [19-28] . The solution for this set
defines the invariants specific form [29].

Nomenclature
Latin symbols

a Group parameter
G Group symbol
Gy Specific heat at constant pressure (J/ Kg K)

Kpr Thermal conductivity of base fluid (W/m K)
Ky Thermal conductivity of nanofluid (W/m K)
P Pressure (Pa)

Dw Wall pressure

Q Real-valued coefficient

R Radius of the cylinder

r Distance along the radial direction (m)

T Nanofluid temperature (K)

Tw Temperature at cylinder surface (K)

Too Ambient temperature (K)

u radial velocity (m/sec)

w axial velocity (m/sec)

U, Wall velocity

w,, Velocity of the stretching cylinder

z Distance along the axial direction (m)

Greek symbols

g Effective thermal diffusivity of nanofluid
(m®/sec)

n Similarity variable

7 Dimensionless temperature

Ubf Dynamic viscosity of the base fluid (Pa s)

Hnf Dynamic viscosity of the nanofluid (Pa s)

Ups Kinematic viscosity of nanofluid (m%sec)

Pof Density of base fluid (Kg/m®)

Prf Density of nanofluid (Kg/m?)

@ Solid volume fraction of nanoparticles

Subscript

bf Base fluid

nf Nanofluid

sp Solid Nanoparticle

w Condition at the surface

co Conditions far away from the surface

Superscript
' differentiation with respect to 5
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2. Mathematical formulation

In the present research, as a function of spatial
variables z and r, we found a mathematical analysis
for moving a cylinder with radius R through a two —
component mixture (homogenous nanofluid) with
volumetric fraction of nanoparticles. We considered a
homogeneous laminar nanofluid in two dimensions.
We further assumed that the nanoparticles in the base
fluid are locally in thermal equilibrium. The flow
configurations and the geometry of the problem are
shown in Figure (1).

—

L.,

Fig.1.The Physical model and coordinate system

Under the above assumptions, the governing
equations can be written in the form:

V-V=0 (2.1)
WSt 5= vy [T (22)
wibu =t [Tl -] 29
VoUT =y [op 4+l 2 (2.4)

The appropriate boundary conditions for this model
are:
(i) At the surface of the cylinder (r = R)

u(z,R) = u,(2),w(z,R) = wy(2),
Pz R) = pw(2),T(z,R) =T, (2.5)

(if) Matching with the quiescent free stream (r — o)

w(z,0) = 0,T(z,») =T, (2.6)

Where T,, is the surface temperature of the cylinder
and T, is the ambient temperature.

Thermophysical properties of nanofluid:

The physical quantities py/, (Cp)bf'”bf' and ky are
the density, specific heat, dynamic viscosity, and
thermal conductivity of the base fluid while
psp. (C ) ,ysp,and ksp, respectively are the solid
nanopartlcles properties.

The physical quantities are presented as follows [30]:

Pnf = pbf(l - d)) + pspd):
(06, = (pCo),, (1 = &) + (pGy) &,

k _ (ksp+2kbf—2¢(kbf—ksp))k
nf ksp+2kpp+o(kpp—ksp) ) 2T

_ My _ Hnr _ _knr
Pnr = Gogyzs Vi 5 0 Gnf T (PCp) s &1

Where ¢ is the volume fraction of nanoparticle, v,,f
is the kinematic viscosity and a,, is the effective
thermal diffusivity of nanofluid. Thermophysical
properties are illustrated in Table 1. The dynamic
viscosity (u,f) of pure water is equal to 1.07 mPa s

and the dynamic viscosity of Kerosene is equal to
1.92 mPas.

Table 1. Physical properties of the base fluid and nanoparticles[31,
32]

Physical properties p C, k
(kg/m®)  (J/kgk) (W
/mK)
Base fluids Water (H;0) 997.1 4179 0.613
Kerosene 780 2090 0.149
Nanoparticles  Silver (Ag) 10500 235 429
Copper (Cu) 8933 385 400
Alumina 3970 765 40
(AL,03)
Titanium oxide 4250 686.2 8.9538
(TiOy)

The following transformations are used to normalize
the boundary conditions:

u(z,r) =u,(2)U(z,1r),w(z,r) =w,@W(z1)

p(z,1) =p,(@)P(21),0 = == (28)

By using (2.8), the mathematical model and the
corresponding boundary conditions, (2.1)-(2.6), are
transformed into:

Yuw (2.9)
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aw, ow ow
W, (W22 4w, 57) + U, (w 57) =
9w 1 ow

[ 4, 2 2.10)
Ww, (Uauw )+Uu (uw er]) jTsz—i+

(2.11)

2%U 1 U uyU
Vnf [uw or2 T F Uwor T2 ]

a6 a0 22%6
W W (AT) 2 + u, U(AT) 3 = ayp [(AT) 35 +

2 2 (2.12)
Subjected to:

U(z, 1) =1, W(z, 1) =1,

P(z,15) =1,0(z, p) =1 (2.13)
W(z,0) =0,0(z,) =1 (2.14)

3. Group formulation of the problem

The governing equations of (2.9) to (2.12) were
transformed into a system of ODEs with respect to
the similarity variable. This technique is based on a
transformation class, that is, one parameter group G:

G: $=0Q%5(a)S + TS(a) (3.1)

Where S and S represents the system variables
before and after the transformation as well as Q% And
T*are real valued and at least differentiable in the real
argument(a). The partial derivatives of the dependent
variables can now be calculated as seen with respect
to the independent variables:

c—(Q
i <Q )Sl T (32)

) oS l,j =271
Sif(w) Sij

Where S represents the
(W,w,, U,u,, P,p, and 08)
A transformation of equations (2.9)-(2.12) following
the definitions (3.1) and (3.2) yields to:

dependent variables

— 0w _ Uu a

W=+ w, +uwa—r+—W—H1(a)[Wﬂ+
d_w 6 Uuy,

Ww dz +uw 6r+ r ] (33)

ol W LW (oW
Wwl \ Ww 57 oz ) T\ R

0w 1 ow
Var |Ww 5z T Ww 5z = H,(a)
—~ d a
w, W (WW +w W‘”) WU(wW W)
0z ar (3 4)
w1 ow ’
—an [WW a2 +; WWE
5, 2+ 02%) (2 2) 4 2297
w, W (uw az+U Py +u,Ulu, - pny O
_ 9%0U 1 _ 90 uy,U
Vnf [Uw 57z T 7 Uwor T Tz ]_
W L 2
H;(a) WWW[uWa—lZ] u‘”]+qu[uw ]+
BZU_uWU
Pw 9P Worz  r2
pnpor M| 10U (3.9)
r Wor

WWW(AT) @ + 2,040 2 — a, [(ar) 22 +
21 2] = Hi(@) [wwwcmﬁ

uWU(AT) % — g [(AT) +2(4T) —]] (3.6)
The invariant transformation of (3.3) - (3.6) and

invariance of boundary conditions (2.13) are used to
obtain the following results:

TW =TWw =TU =TUw =TP =TPw =T0 =TT =
(3.7)

oWwo¥ _ giwol
Qz - Q‘r - Hl (a) (38)

2
QWWQW Wiy AW ww W UwW U
( ) _ owo* _ g"wo¥o ¢t (39

o7 Q"2 Q"
(0“woV)" _ gtwoV _ g"wowoWgl _ gPwoP
T Ter - e - g @
(3.10)
Ww AW 6 uw HU 0 0
ogvo el _9oWoQe" Q7 _ H,(a) (3.11)

0* o @2

The combination of equations (3.7) - (3.11) will lead
to:
7= Q"% Q% =(Q")? (3.12)

1
QrQuw’

@"? 1
QW = oww’ QP = (QM)2 QPw (313)

0" =
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The group G is of the form:

Z=(0")*z + T*
Gl {— — "
r=Q0r
J=—
QrQuw
1_lw = Quwuw
_ 2
(X W= fw)w w (3.14)
GZ < WW — QWWWW
= 1
P= (@M)2 QPw P
Pw = QPP
6 =(Q")%6

Where G; is the independent variables and G, is the
dependent variables.

3.1. Group transformation of the system
According to the fundamental Morgan theorem

[33], the system of ODEs was obtained from the
governing equations.

a5;

Lla(as +B) 5 =0 (3.15)

Where the coefficients a; and S;are defined as:

g2 0@ o _ar@
t da ' da

(3.16)

3.2. Transformation of the independent variables

The similarity variable 7(zr) was obtained by
applying the equation (3.15):

7] [7]
(a1z + By) £ +a2r£ =0 (3.17)

The general solution of this equation is shown as:

n(z,r) =rmn(z) (3.18)

Where, the function z (z) will be defined later.
3.3 Transformation of the dependent variables

The invariant transformations of the dependent
variables p,,, P ,w,, W,u,,Uand 0 inside the
boundary layer are obtained from the group structure
(3.14) and the Morgan theorem described in (3.15):

Pw(2)=pw(2) (3.19)

Pz =y@gm (3.20)
Wy (Z,7) = w, (2) (3.21)
w(z,7) =T'(2)E() (3.22)
i, (2) = u(2) (3.23)
U@z 1) = w@F ) (3.24)
)(2,7) = e(2)q(n) (3.25)

3.4. Reduction of the problem to a system of ordinary
differential equations

By using similarity variables, the equations from
(2.9) — (2.12) can now be written as:
Hence, Eqg. (2.9) takes the form:

dF dE F
—+(A,+4)E+A;n—+-=0 3.26
dn+(1+ )E + 3ndTI+TI ( )
Where:
A1 _ Ww (dl"/dz)'A2 _ I‘(dww/dz)’A?’ _ T'wy, (d1zr/dz)
WUWT WUYT WUYT
(3.27)
Similarly, equation (2.10) is reduced to:
d’E 2 dE dE | 1dE _
d_‘rlz_(A4+A5)E —AGT]EE—A7FE+1—]E—O
(3.28)
Where:
T (dw,,/dz) Wy (dr/dz)
" r Xiﬂid ) y Ve ’
wy (dm/dz W Uy
A6 = T,A—; = 7 (329)

Similarly, equation (2.11) is reduced to:

d?F dF dF
d—nz—AenEa—A7Fa— (AB + Ag)EF -
1dg 1dF | F
e 3.30
0pppdn " man " n? (3.30)
Where:
_ T'wy (duy/dz) _ Twy (dw/dz)
Ag = Vi, 2 Ay = vorz
__Py
Alo - Vwuwm (3l31)

If the coefficients stated by (3.27), (3.29) and (3.31)
are constants or functions of n alone, the equations
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(3.26), (3.28) and (3.30) will be reduced to system of
ODEs. Thus:

u,, (z) = w,(z) = (mvz + b),e(z) = (mvz + b),
m(z) = Y(z) = (mvz + b)%, I'(z) = (mvz + b)%,
w(z) =v(mvz + b)%_l,pw(z) =v (mvz + b)%,
n(z,r) =r(mvz + b)% (3.32)

And Al =A5=2,A2 =A4=A3=m,
As=Ag =4, =14 = (1 —m), Ay = vi (3.33)
nf

Where, m is a constant and m # 0 or 1.
By substituting for these constants, Hence, Eq. (2.12)
takes the form:

q" =Zf;(nEq’+mEq +Fq) =4 (3.34)

The boundary conditions under the similarity variable
are:

F)=1L,E1) =191 =1q1) =1,
F(0) =0.2,E(0) =0,q(0) =0 (3.35)

4. Numerical results and discussion

In order to analyze the results, the ordinary
differential equations (3. 26) - (3.34) subject to the
boundary conditions (3.35) were numerically solved
using fourth order Runge-Kutta algorithm supported
by the shooting technique. The parameters of the
analysis are the effect of volumetric fraction of the
nanoparticles, ¢, and the different types of
nanoparticles. By using water as a base fluid, the
different types of nanoparticles, alumina (Al,Os)
silver (Ag), titanium oxide (TiO,) and copper (Cu).

4.1 Effect of nanoparticle volume fraction, ¢

In these calculations, parameter ¢ represents the
nanoparticle volume fraction of nanofluid with range
2% < ¢ < 10%. The results showed that increasing
the volume fraction (¢) of nanoparticles decreases
the radial velocity (F) and the peak value of the
axial velocity(E) as shown in Figures 2 and 3,
respectively.

Because increasing the volume fraction (¢) of
nanoparticles made some obstacles towards the fluid
flow . Following this the related shear stress (F")
and (E") decreases near the cylinder surface and

increases away from the cylinder surface when ¢
increases as shown in Figures 4 and 5, respectively.
Figure 6 shows that the increment in the values of
volume fraction ¢ decreases the temperature
distribution. As a result, the heat flux increases when
¢ increases as illustrated in Figure 7. Moreover, the
pressure distribution in the boundary layer decreases
when ¢ increases as shown in Figure 8.

45

0.06 0.3 0.54 0.78 1.02 1.26 15

Fig.2 Effect of nanoparticle volume fraction (¢) on
radial velocity (F) inside the boundary layer of
(Al203-water)

32
28 £
;

24

20

U L B B 1
0.06 0.36 0.67 0.98 1.29 1.6

n
Fig.3 Effect of nanoparticle volume fraction (¢) on
axial velocity (E) inside boundary layer of (Al203-

water)
200
150
100
E
i
50
ol
50 | | . | |
0.06 0.3 0.54 0.78 1.02 1.26 1.5
n
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Fig.4 Effect of nanoparticle volume fraction () on
shear stress (F') inside the boundary layer of
(Al203-water)
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Fig.5 Effect of nanoparticle volume fraction (¢) on
shear stress (E") inside the boundary layer of
(AI203-water)
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Fig.6 Effect of nanoparticle volume fraction (¢) on
temperature distribution (q) inside the boundary layer
of (AlI203-water)
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Fig.7 Effect of nanoparticle volume fraction (¢) on
heat flux (q") inside the boundary layer of (Al203-
water)
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Fig.8 Effect of nanoparticle volume fraction (¢) on
pressure (g) inside the boundary layer of (Al203-
water)

4.2 Effect of different types of nanoparticles, Ag, Cu,
T|02 and A|203

The thermophysical properties of nanoparticles
are described in Table 1. The physical properties of
the nanofluids are plotted at fixed value of volume
fraction ¢ = 0.097.

In Figures 9, 10 and 11, we see that the radial
velocity (F), the peak value of the axial velocity (E)
and the related shear stress (F') are the highest for
the titanium-water (TiO,-H,O) nanofluid compared
to the other nanofluids (Al,O5-H,0, Cu-H,0 and Ag-
H,0). On contrary, the highest value of the shear
stress (E') is obtained for the silver-water nanofluid,
but the lowest value is obtained for the titanium
oxide-water nanofluid as shown in Figure 12.
Additionally, Figure 13 indicates that the maximum
temperature value is obtained by adding silver oxide
to the fluid, while the minimum temperature value is
obtained by using titanium oxide as a nanoparticle.
As observed in Figure 14, the results for the heat flux
are reversed. As shown in Figure 15, the pressure for
the silver-water nanofluid is the highest pressure
compared to the other nanofluids. This is because
silver has the highest value of density compared to
the other nanofluids, as seen in Table 1.
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Fig.9 Effect of different types of nanofluids on radial
velocity (F) inside the boundary layer
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Fig.10 Effect of different types of nanofluids on axial
velocity (E) inside the boundary

160 T
Silver- Water
= = =Copper - Water
120 = Alumina - Water
----- Titanium Oxide - Water
_. 8o 1
£
i
40 - 1
0r ]
_40 L L 1 L L
0.06 0.3 0.54 0.78 1.02 1.26 1.5

n

Fig.11 Effect of different types of nanofluids on shear
stress (F") inside the boundary layer
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Fig.12 Effect of different types of nanofluids on shear
stress (E") inside the boundary layer
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Fig.13 Effect of different types of nanofluids on
temperature distribution (q)inside the boundary layer
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Fig.14 Effect of different types of nanofluids on heat
flux (q") inside the boundary
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12 T T
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Fig.15 Effect of different types of nanofluids on
pressure (g) inside the boundary layer

Several researchers investigated the flow and heat
transfer for various values of volume fraction of
nanoparticles. Additionally, to check its heat transfer
performance they studied different types of
nanofluids with various geometries.

In case of studying of the volume fraction, it was
observed that increasing of volume fraction (¢) leads
to decrease the temperature distribution [34-36].
Additionally, increasing volume fraction decreases
the velocity [37, 38]. The same conclusion was
achieved in the current work for the effect of the
volume fraction in Figures 2, 3 and 6.

In case of studying of different types of
nanofluids, it was observed that the silver has the
highest value of temperature compared to the copper-
water , alumina-water and titanium- water [18, 39].
On the other hand, the highest value of the velocity
was obtained for the titanium oxide-water nanofluid
[16, 18] . The same sequence of nanofluids was
obtained in this work in Figures 9, 10 and 13.

Relating to the mentioned studies, we found that
there is a very good agreement between the obtained
results and the previous results.

For validation of the numerical method used in
this study, the present results are compared to the
results reported by researchers [16, 32, 34] as shown
in Figs. 16-19.

1=
INY
Y
0.8 A
1 %
3
06 - :\
'
T ‘\\\
0.4 RN
O
"N W Ha0, N0y ALO,, Cu, Ag
0.2 N -‘::.\
NNt
o, . ..__I._\__‘_-___‘_ e g
i 05 1 15 2

(a) Ferdows et al. work [16]

0.8

q(n)

(b) Present work
Fig.16 Effect of different types of nanoparticles and
water on temperature distribution (q) inside the
boundary layer when ¢ = 0.2

Ap Kerosene

______ Cu-Kerosene

=F

(a) Mohd et al. work [32]
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Ag - Kerosene
— — — Cu - Kerosene
0.8
0.6
G
o
0.4+
™
RS
S
0.2+ S ~
0 .
0.01 0.3 0.6 0.9 1.2 1.5

n
(b) Present work
Fig.17 Effect of different types of nanoparticles with
Kerosene as a base fluid on temperature distribution
(9) inside the boundary layer when ¢ = 0.2
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(a) Khan et al. work [37]
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(b) Present work
Fig.18 Effect of nanoparticle volume fraction on the
velocity of (TiO2- Sodium alginate)
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(a) Sheikholeslami work [34]
1 T : ; .
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0.8

qn)
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(b) Present work
Fig.19Effect of different types of nanofluids on
temperature distribution (q) inside the boundary layer
when ¢ = 0.04

Figures 16-19 indicate that there is a good
agreement with these approaches and thus the
accuracy of the present used method is verified.

5. Conclusion

The flow and heat transfer in water based
nanofluids surrounding a cylindrical solid pipe were
studied via group method in this paper. The
mathematical model of the problem was transformed
into nonlinear ODESs using similarity transformations,
which are subsequently solved using MATLAB. The
results showed the components of nanofluid velocity,
the shear stress components, temperature distribution,
the heat flux and pressure distribution. The present
study concluded as follows: owing to natural
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convection, presence of nanoparticles decreased the
value of velocity components, temperature and
pressure distribution inside the boundary layer. On
the other hand, the shear stress components far away
the cylinder surface and heat flux increased as
volume fraction ¢ increased.

Nanoparticles with higher friction coefficient on
the surface of the cylinder have low speed. The
thickness of thermal boundary layer is related to the
increase in thermal conductivity of various types of
nanofluids, while the effect of pressure is related to
the increase in the density. The volume fraction and
different types of nanoparticles have more effect on
the radial velocity and axial velocity.

Nanofluid type is a key factor in enhancing the
heat transfer. Titanium oxide—water and silver—water
nanofluids have the highest and the lowest velocity
components, respectively, compared to other
nanofluids. Using silver nanoparticles would get the
highest value for the temperature and pressure
compared to the other nanoparticles.
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